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Abstract: We calculate the low energy constants of four-nucleon interactions in an ef-
fective chiral Lagrangian in holographic QCD. We start with a D4-D8 model to obtain
meson-nucleon interactions and then integrate out massive mesons to obtain the four-
nucleon interactions in 4D. We end up with two low energy constants at the leading order
and seven of them at the next leading order, which is consistent with the effective chi-
ral Lagrangian. The values of the low energy constants are evaluated with the first five
Kaluza-Klein resonances.
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1. Introduction
The four-nucleon interaction in the effective chiral Lagrangian was first introduced byWein-
berg [1] to describe the short-range part of the nuclear force, see [2] and references therein
for a recent review on nuclear forces from low-energy QCD via chiral effective field theory.
Like pion and pion-nucleon interactions in chiral Lagrangian, the four-Fermi operators are
accompanied by unknown coupling constants, called low energy constants (LECs). These
– 1 –
constants are calculable from Quantum Chromodynamics (QCD), in principle. However,
in reality the LECs are determined by a fit to some experimental data or through some
model-dependent calculations. Various LECs in the meson sector of a low-energy effective
chiral lagrangian involving pseudoscalar fields only were determined with the resonance sat-
uration hypothesis [3]; the assumption that dominant contributions to the LECs come from
the dynamics of the low-lying resonances. In [4], the coupling constants of four-nucleon
interactions are calculated with the resonance saturation assumption.
The four-nucleon terms are also important to understand the bulk nuclear matter
property using the chiral Lagrangian. For instance, it was shown that the repulsive vector
mean field in the Walecka model can be identified by the Four-Fermi interaction in chiral
Lagrangian [5]. This indicates that the chiral Lagrangian with the four-nucleon terms could
be satisfactorily describing the bulk property of nuclear matter as the Walecka model [6]
does in the mean field approximation. The role of the four-Fermi interaction in establishing
a bridge between the chiral quark-meson coupling model and chiral Lagrangian within the
mean field approximation was discussed in [7]. The effect of the four-Fermi interaction on
pion and kaon condensation was delved into in [8].
In this work we evaluate the LECs in a D4-D8 model with explicit bulk baryon fields
[9, 10, 11]. We start from the 4D meson-baryon Lagrangian obtained in [9, 10, 11]. We inte-
grate out massive mesons to obtain 4D relativistic four-nucleon contact interactions. Then,
we take a non-relativistic limit to arrive at the LECs in the effective chiral Lagrangian.
In the sense that integrated-out massive mesons determine the value of the LECs, our
approach is similar to [4] based on the resonance saturation assumption. We consider up
to Q2 order, where Q is a typical momentum of a system at hand. At the leading order
(Q0) we have two LECs and seven of them at Q2 order. We evaluate the nine LECs with
contributions from the first five Kaluza-Klein (KK) modes.
2. A D4/D8 holographic QCD and meson-nucleon couplings
Holography [12] is a conjectural property of string theory, whereby a strongly coupled large
Nc gauge theory can be recast into a weakly coupled closed string theory. In practice, one
starts with a D-brane configuration that contains large Nc gauge theory as its low energy
sector, study how closed string theory view the configuration, and identify the degrees
of freedom in the latter as the gauge-invariant objects (color-singlets) of the former. As
such, we end up with an effective description involving objects like glueballs, mesons, and
baryons in case of QCD.
A prototypical and probably the best candidate so far is D4/D8 model. In this configu-
ration, one starts with Nc D4-branes, but now compactified on a thermal circle S
1 of radius
1/MKK , where one requires anti-periodic boundary conditions on all fermions along the
circle, breaking all supersymmetry. Four dimensional remnant is precisely flavorless U(Nc)
QCD at lowest energy level. The holography views this as a ten-dimensional supergravity
theory in the background of [13]
ds2 =
(
U
R
)3/2 (
ηµνdx
µdxν + f(U)dτ2
)
+
(
R
U
)3/2( dU2
f(U)
+ U2dΩ24
)
, (2.1)
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with f(U) ≡ 1 − U3KK/U3. xµ and τ are the directions along which the D4-brane is
extended. The most central quantity is MKK = 2π/δτ = 3U
1/2
KK/2R
3/2, which is not only
the scale associated with the circle τ but also both the curvature scale at U = UKK and the
scale associated with the internal S4 manifold. R is more directly related to the underlying
string construction as R3 = πgsNcl
3
s with the string coupling gs and string length scale ls.
U is the holographic direction and bounded from below by the condition U ≥ UKK .
Taking large Nc limit naturally decouples U(1) part of U(Nc) in the usual 1/Nc expan-
sion sense, so we have SU(Nc) theory at hand. Analyzing the type IIA supergravity theory
in this background, near U ∼ UKK , is supposed to be equivalent to studying SU(Nc)
QCD without quarks at very low energy. However, one must understand how mesons and
baryons are realized in this context, which will be the subjects of next two subsections.
2.1 Mesons
For mesons and baryons, one must add quarks to the above. It turns out that the right
thing to do is to introduce D8 and D8 pairs of branes. With Nf pairs, QCD with Nf
massless quarks emerges, although from the holographic side one only sees mesons. On
the latter viewpoint, the D8’s and the D8’s are located at τ = 0 and τ = πδτ , so in fact
identified at U = UKK . This gluing represents the chiral symmetry breaking in a geometric
manner, since what would have been U(Nf ) × U(Nf ) symmetry becomes U(Nf ) instead.
This is the celebrated Sakai-Sugimoto model [14].
In the end, the meson spectrum and interactions are all realized as the lowest-lying
flavor gauge theory on D8 branes. Instead of going through how this construction works,
let us summarize the meson sector in terms of a five-dimensional U(Nf ) flavor gauge theory
on the worldvolume (modulo S4 which we are ignoring) of the now connected D8 and D8,
−1
4
∫
d4xdw
1
e(w)2
trF2 + Nc
24π2
∫
4+1
ω5(A) (2.2)
with the Chern-Simons 5-form, ω5(A), and
1
e(w)2
=
λNc
108π3
u(w)MKK . (2.3)
The holographic radial coordinate U is exchanged in favor of w, related to u = U/UKK as,
2
3
wMKK = ±
∫ u
1
dy/
√
y3 − 1 . (2.4)
This five-dimensional action contains an infinite tower of spin 1 mesons and the pseudo-
scalar field U as
Aµ(x;w) = i [U−1/2, ∂µU1/2]/2 + i{U−1/2, ∂µU1/2}ψ0(w) +
∑
n
v(n)µ (x)ψ(n)(w) (2.5)
with eigenfunctions ψ(n)(w) along w directions. The gauge choice here is Aw = 0, which
although not entirely sensible suffices for the purpose here. The zero-mode part U(x) can
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be thought of as the open Wilson line, U(x) = exp(i
∫
wA), in generic gauge but here was
gauge-transformed into Aµ.
The quadratic terms in (2.2) produces two type of terms in four dimensions
∫
d4x
(
f2pi
4
tr
(
U−1∂µU
)2
+
1
32e2Skyrme
tr
[
U−1∂µU,U
−1∂νU
]2)
+
∫
d4x
∞∑
n=1
tr
{
1
2
(dv(n))µν(dv
(n))µν +m2(n)v
(n)
µ v
(n)µ
}
+ · · · , (2.6)
with f2pi = (g
2
YMNc)NcM
2
KK/54π
4 and 1/e2Skyrme ≃ 61(g2Y MNc)Nc/54π7. For real QCD,
MKK would be roughly MKK ∼ mN ∼ 0.94GeV, while fpi ∼ 93MeV, and this requires
(g2Y MNc)Nc ∼ 50. For Nc = 3, this gives λ = g2YMNc ≃ 17. Suppressed here are interac-
tion terms among these mesons, cubic, quartic, and also Wess-Zumino-Witten term which
comes from w5(A). This theory of holographic mesons has been investigated much in the
literature. We emphasize that apart from the two input parameters λ and MKK , no other
tunable parameter exists. All the masses and all the couplings are fixed unambiguously
via this Kaluza-Klein process from five dimensions to four dimensions. This remarkable
aspect will persist to baryon sector in next subsection.
For later purpose, we wish to identify four-dimensional mesons more clearly. We
assume SU(2) isospin symmetry and separate out the iso-singlet and the iso-triplet sector
as
v(2k−1)µ = ω
(k)
µ
(
1/2 0
0 1/2
)
+
1
2
ρ(k)aµ τ
a , v(2k)µ = f
(k)
µ
(
1/2 0
0 1/2
)
+
1
2
a(k)aµ τ
a , (2.7)
for vectors and axial-vectors, respectively. We will sometimes use the notation ρµ = ρ
a
µτ
a
and aµ = a
a
µτ
a also. Even/odd nature of ψ(n)(w) translates to the usual parity of the
corresponding mesons, so vectors, ρ’s and ω’s, and axial vectors, a1’s and f1’s, alternates
in the infinite tower of massive spin 1 mesons. On the other hand, Goldstone bosons
associated with chiral symmetry breaking reside in the open Wilson line as
U = exp(πi(η′ + πaτa)/fpi) . (2.8)
The U(1) part η′ picks up a mass term,
m2η′ =
1
27π2
Nf
Nc
λ2M2KK (2.9)
via a holographic version of axial anomaly. We refer readers to Ref. [14] for derivation of
this additional contribution.
2.2 Holographic baryons
Baryons are identified as the soliton of the above flavor gauge theory, characterized by the
first Pontryagin number,
p1(F) ≡ 1
8π2
∫
x1,2,3,w
trF ∧ F = 1 . (2.10)
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For simplicity, let us consider Nf = 2. Quantizing the soliton to produce spin 1/2 baryons,
and representing them via a local field B, baryon dynamics can be added to the flavor
gauge theory of meson sector as [9, 10]
+
∫
d4x dw
[
−iB¯γmDmB − imB(w)B¯B +
g(w)2ρ2baryon
e2(w)
B¯γmnFmnB
]
(2.11)
where
mB(w) =
4π2
e(w)2
, ρ2baryon ≃
(2 · 37 · π2/5)1/2
M2KKλ
, (2.12)
and the function g5(w) is known only at w = 0, g5(0) = 2π
2/3, which suffices for what
follows in the large λ and the large Nc limits. We will not repeat how this action is derived
from D4/D8 holographic QCD, but note again that there is no free parameter.
Note that the coupling between mesons and baryons are achieved via two interaction
terms. The first is embedded into the covariant derivative,
Dm ≡ ∂m − i(NcAU(1)m +Am) , (2.13)
for which the flavor gauge field Am of (2.2) is decomposed as AU(1)m + Am with traceless
2 × 2 Am. The second is through a direct coupling to the SU(Nf = 2) field strength, F ,
which can be traced to the fact that the soliton underlying the baryon carried the second
Pontryagin number, p1(F ) = 1, whose configuration is self-dual magnetic fields in the four
spatial directions.
2.3 Nucleon-meson dynamics and cubic couplings
To obtain meson-nucleon interactions we expand
B(xµ, w) = N+(xµ)f+(w) +N−(xµ)f−(w) , (2.14)
where γ5N± = ±N±. The profile functions f±(w) satisfy
∂wf+(w) +mB(w)f+(w) = mN f−(w) ,
−∂wf−(w) +mB(w)f−(w) = mN f+(w) (2.15)
where mN is the nucleon mass in 4D. The 4D Dirac field for the nucleon is given by
N = N+ +N− . (2.16)
The eigenfunctions f±(w) are normalized as∫ wmax
−wmax
dw |f+(w)|2 =
∫ wmax
−wmax
dw |f−(w)|2 = 1 , (2.17)
and the eigenvalue mN is the mass of the nucleon mode N (x). From (2.15), we get the
second-order equations for f±(w)[−∂2w − ∂wmB(w) +mB(w)2] f+(w) = m2N f+(w) ,
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[−∂2w + ∂wmB(w) +mB(w)2] f−(w) = m2N f−(w) . (2.18)
There is a 1-1 mapping of eigenmodes with f−(w) = ±f+(−w), where the sign choice is
related to the sign choice of mN . Due to the asymmetry under w → −w, f+(w) tends to
shift to the positive w side and the opposite happens for f−(w). In this work we will take
the convention f−(w) = f+(−w).
Inserting this into the action (2.11), we find the following structure of the four-
dimensional nucleon action [11]∫
d4x L4 =
∫
d4x
(−iN¯γµ∂µN − imN N¯N + Lvector + Laxial) , (2.19)
where the couplings to mesons are
Lvector = −
∑
k≥1
g
(k)triplet
V
2
N¯γµρ(k)µ N −
∑
k≥1
Ncg
(k)singlet
V
2
N¯γµw(k)µ N
+
∑
k≥1
g
(k)triplet
dV
2
N¯γµν∂µρ(k)ν N + · · · , (2.20)
and
Laxial =
gtripletA
2fpi
N¯γµγ5∂µπN +
Ncg
singlet
A
2fpi
N¯γµγ5∂µη′N
−
∑
k≥1
g
(k)
A
2
N¯γµγ5a(k)tripletµ N −
∑
k≥1
Ncg
(k)singlet
A
2
N¯γµγ5f (k)µ N + · · · (2.21)
with π = πaτa. The ellipses denote quartic or higher terms. A notable feature here is that
derivative couplings to spin 1 mesons exist only for ρ mesons. All others vanish as we will
see presently. The pseudoscalar coupling can be alternatively written as
−
(
gtripletA
2fpi
× 2mN
)
N¯γ5πN −
(
gsingletA Nc
2fpi
× 2mN
)
N¯γ5η′N (2.22)
using the on-shell condition of nucleons, which define gpiNN and gη′NN . Note that we
are considering two flavor case Nf = 2; η
′ denotes the trace part of the pseudo-scalar,
regardless of the number of flavors.
Let us take a closer look at 4D cubic couplings. Here we summarize the results from
Refs. [9, 10, 11] following the notation in Ref. [11]. The 5D Lagrangian (2.11) generate 4D
couplings via the minimal coupling
−
∫
dw B¯γm(NcAU(1)m +Am)B , (2.23)
and the derivative coupling ∫
dw g5(w)
ρ2baryon
e2(w)
B¯γmnFmnB, (2.24)
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with g5(0) = 2π
2/3 [10], upon mode-expanding the flavor gauge field and retaining the
lowest-lying mode of B. For instance, the latter generates two types of terms as
γµνFµν(x,w) = 2
∑
n
ψ(n)(w)γ
µν∂µ
[
v(n)ν (x)
∣∣∣∣
iso−triplet
]
,
γ5µF5µ(x,w) = −2
∑
n
(
∂wψ(n)(w)
)
γµγ5
[
v(n)µ
∣∣∣∣
iso−triplet
]
, (2.25)
from which it is already clear that iso-singlet vectors w and f1 cannot have derivative
couplings to the nucleon in this approximation. Integrating over w will then give cubic
couplings as overlap integrals involving one ψ and two f1’s.
It is convenient to define three set of numbers An, Bn and Cn as
An =
∫ wmax
−wmax
dw |f+(w)|2 ψ(n)(w) ,
Bn =
∫ wmax
−wmax
dw
(
g5(w)
ρ2baryon
e2(w)
)
f∗−(w)f+(w)ψ(n)(w) ,
Cn =
∫ wmax
−wmax
dw
(
g5(w)
ρ2baryon
e2(w)
)
|f+(w)|2 ∂wψ(n)(w) (2.26)
from which all cubic couplings to mesons are constructed. B’s are in responsible for the
derivative couplings. Choosing the phase of nucleon eigenfunction as f+(w) = −f−(−w),
and noting that ψ(n)(w) is even/odd function when n is even/odd, respectively, we see that
B2k = 0. This leads to the result that a1 mesons have no derivative coupling to nucleons.
Sometimes additional γ5 is generated in terms originating from vector-like 5D coupling,
because ψ(2k) and ∂wψ(2k−1) are odd functions of w and γ
5N± = ±N±. Taking all of these
into account, one finds
g
(k)triplet
V = A2k−1 + 2C2k−1 ,
g
(k)triplet
A = 2C2k +A2k ,
g
(k)triplet
dV = 2B2k−1 , (2.27)
and
g
(k)singlet
V = A2k−1 ,
g
(k)singlet
A = A2k . (2.28)
Note that the vertices involving isospin singlet vector and axial-vector mesons are con-
structed only by minimal coupling terms. Cubic couplings to pseudo-scalars are determined
similarly as
gtripletA = 4C0 + 2A0 ,
gsingletA = 2A0 . (2.29)
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3. Four-nucleon contact interactions in chiral Lagrangian
In this section we summarize the four-nucleon contact interactions in an effective chiral
Lagrangian which was first introduced by Weinberg [1] to describe the short-range part of
the nuclear force. Like pion and pion-nucleon interactions in chiral Lagrangian, the four-
Fermi operators are accompanied by LECs whose value are undetermined. These constants
are calculable from QCD, in principle. However, in practice the LECs are determined by
a fit to some experimental data or through some model-dependent calculations. In the
next section, we will calculate the LECs using the meson-baryon vertex derived from the
D4/D8/D8 model.
3.1 Structures and LECs
In the conventional one-boson exchange (OBE) model of the nucleon-nucleon (NN) force
long range part is dominated by one-pion exchange, intermediate attraction is mostly given
by a scalar meson, and short range interaction is described in terms of the vector meson
exchange. Note that the scalar does not necessarily be the chiral partner of the pion, and
its effect can be described by two-pion exchanges. In a modern approach for the NN force
based on a chiral effective Lagrangian, (multi-) pion effects together with contact nucleon
interactions replace the OBE picture. We focus on the four-nucleon contact interactions
that can be expressed as a sum of local operators with increasing number of derivatives,
or expansion in powers of a small momentum scale Q.
OS (N
†N)(N †N) leading
OT (N
†
σN) · (N †σN) (Q0)
O
1
(N †∇N)2 + h.c.
σ × 0O2 (N †∇N) · (∇N †N)
O
3
(N †N)(N †∇2N) + h.c.
O
4
i (N †∇N) · (∇N † × σN) + h.c.
σ × 1O
5
i (N †N)(∇N † · σ ×∇N)
O
6
i (N †σN) · (∇N † ×∇N)
O7 (N
†
σ · ∇N)(N †σ · ∇N) + h.c.
σ × 2
O
8
(N †σi∂jN)(N
†σj∂iN) + h.c.
O9 (N
†σi∂jN)(N
†σi∂jN) + h.c.
O
10
(N †σ · ∇N)(∇N † · σN)
O11 (N
†σi∂jN)(∂iN
†σjN)
O
12
(N †σi∂jN)(∂jN
†σiN)
O13 (N
†σiN)(∂jN
†σj∂iN) + h.c.
O
14
2(N †σiN)(∂jN
†σi∂jN)
Table 1: Isosinglet operators
OτS (N
†τaN)(N †τaN)
OτT (N
†τaσN) · (N †τaσN)
Oτ
1
(N †τa∇N)2 + h.c.
Oτ2 (N
†τa∇N) · (∇N †τaN)
Oτ
3
(N †τaN)(N †τa∇2N) + h.c.
Oτ
4
i (N †τa∇N) · (∇N †τa × σN) + h.c.
Oτ
5
i (N †τaN)(∇N † · τaσ ×∇N)
Oτ
6
i (N †τaσN) · (∇N †τa ×∇N)
Oτ7 (N
†τaσ · ∇N)(N †τaσ · ∇N) + h.c.
Oτ
8
(N †τaσi∂jN)(N
†τaσj∂iN) + h.c.
Oτ9 (N
†τaσi∂jN)(N
†τaσi∂jN) + h.c.
Oτ
10
(N †τaσ · ∇N)(∇N †τa · σN)
Oτ11 (N
†τaσi∂jN)(∂iN
†τaσjN)
Oτ
12
(N †τaσi∂jN)(∂jN
†τaσiN)
Oτ13 (N
†τaσiN)(∂jN
†τaσj∂iN) + h.c.
Oτ
14
2(N †τaσiN)(∂jN
†τaσi∂jN)
Table 2: Isotriplet operators
At the leading order (LO) (Q0), the expansion is the four (non-relativistic) nucleon
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interactions with no derivatives [1]
L(0) = −1
2
CS(N
†N)(N †N)− 1
2
CT (N
†
σN) · (N †σN), (3.1)
whereN is the two component nucleon field and CS and CT denote the low energy constants
(LECs). At Q2 order, the contact Lagrangian can be written as [15]
L(2) = −
14∑
i=1
C ′iOi, (3.2)
where C ′i are LECs and Oi are 14 operators listed in Table 1. Then, the four-point contact
Lagrangian up to Q2 is
L = −1
2
CSOS − 1
2
CTOT −
14∑
i=1
C ′iOi . (3.3)
The 14 operators in Table 1 are the isosinglet (I = 0) operators and the isotriplet (I = 1)
operators are in Table 2. Note that only 12 out of these 14 operators are independent since
O7 −O8 = 2O11 − 2O10, O4 +O5 = O6 . (3.4)
Using the Fierz identity (Appendix B), we can rewrite each isotriplet operator in terms of
isosinglet operators as
OτS = OS ,
OτT = 3OS − 2OT ,
Oτ1 = O1 ,
Oτ
2
= −O1 − 3O2 −O3 ,
Oτ3 = O3 ,
Oτ
4
= −3O4 ,
Oτ5 = O4 −O5 −O10 +O11 ,
Oτ
6
= −O4 −O6 −O10 +O11 ,
Oτ7 = O1 + 2O5 + 2O6 +O8 −O9 ,
Oτ
8
= O1 − 2O5 − 2O6 +O7 −O9 ,
Oτ9 = 3O1 − 2O9 ,
Oτ
10
= −1
2
(O1 + 2O2 +O3)−O5 −O6 − O10 +O13 − 1
2
O14 ,
Oτ
11
= −1
2
(O1 + 2O2 +O3) +O5 +O6 − O11 +O13 − 1
2
O14 ,
Oτ12 = −
3
2
(O1 + 2O2 +O3)−O12 − 1
2
O14 ,
Oτ13 = 2O2 + 2O10 + 2O11 − 2O12 −O13 ,
Oτ
14
= 6O2 − 2O12 −O14 . (3.5)
We confirm the relation
Oτ7 −Oτ8 = 2Oτ11 − 2Oτ10, Oτ4 +Oτ5 = Oτ6 (3.6)
and again only 12 out of these 14 operators are independent for the isotriplet sector.
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3.2 Non-relativistic limit
The relativistic fermion field N can be reduced to the two-component spinor N via non-
relativistic expansion. For this, it is convenient to use a Dirac basis
γ0 =
(
−i 0
0 i
)
, γi =
(
0 −σi
−σi 0
)
, γ5 =
(
0 −i
i 0
)
whereby we have an expansion
N (x) =
(
N(x) + 1
8m2
N
∇2N(x)
1
2mN
σ · ∇N(x)
)
+O(Q3). (3.7)
In the leading Q0 order, this becomes
N (x) =
(
N(x)
0
)
. (3.8)
Since we are to compute contact terms up to dimension eight operators, we retain higher or-
der correction in the upper component. Details of this expansion is reviewed in Appendix A
for the sake of completeness.
One consequence of building quartic contact terms from reduction of relativistic in-
teraction vertices is that not all of O’s in Table 1 appears independently. The underlying
Lorentz symmetry constrains the contact terms such that only nine (2+7) linearly inde-
pendent combinations appear up to dimension eight. These are [16]
AS = OS + 1
4m2N
(O1 +O3 +O5 +O6) ,
AT = OT − 1
4m2N
(O5 +O6 −O7 +O8 + 2O12 +O14) ,
A1 = O1 + 2O2 , A2 = 2O2 +O3 , A3 = O9 + 2O12 ,
A4 = O9 +O14 , A5 = O5 −O6 ,
A6 = O7 + 2O10 , A7 = O7 +O8 + 2O13 (3.9)
which consist of two leading operators (of Q0 order) with higher order corrections and
seven subleading ones (of Q2 order). The effective Lagrangian corresponding to (3.3) can
be written as
L = −1
2
CSAS − 1
2
CTAT − 1
2
C1A1 + 1
8
C2A2 − 1
2
C3A3
−1
8
C4A4 − 1
4
C5A5 − 1
2
C6A6 − 1
16
C7A7 . (3.10)
This is the same contact Lagrangian given in [15] in terms of Oi=1...14 operators in Table 1.
The representation of seven independent coupling constants C1,...,7 of Q
2 order Lagrangian
is also in agreement with the result of [4, 17] by using the reparametrization invariance
[18]. For isotriplet sector, we have
AτS = OτS +
1
4m2N
(Oτ
1
+Oτ
3
+Oτ
5
+Oτ
6
)
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= OS +
1
4m2N
(O1 +O3 −O5 −O6 +O7 −O8)
= AS + 1
4m2N
(−2O5 − 2O6 +O7 −O8) ,
AτT = OτT −
1
4m2N
(Oτ5 +O
τ
6 −Oτ7 +Oτ8 + 2Oτ12 +Oτ14)
= 3OS − 2OT − 1
4m2N
(−3O1 − 3O3 − 5O5 − 5O6 + 2O7 − 2O8 − 4O12 − 2O14)
= 3AS − 2AT ,
Aτ1 = Oτ1 + 2Oτ2 = −O1 − 6O2 − 2O3 = −A1 − 2A2 ,
Aτ
2
= 2Oτ
2
+Oτ
3
= −2O1 − 6O2 −O3 = −2A1 −A2 ,
Aτ3 = Oτ9 + 2Oτ12 = −6O2 − 3O3 − 2O9 − 2O12 −O14 = −3A2 −A3 −A4 ,
Aτ
4
= Oτ
9
+Oτ
14
= 3O1 + 6O2 − 2O9 − 2O12 −O14 = 3A1 −A3 −A4 ,
Aτ5 = Oτ5 −Oτ6 = −3O5 + 3O6 = −3A5 ,
Aτ
6
= Oτ
7
+ 2Oτ
10
= −2O2 −O3 +O8 −O9 − 2O10 + 2O13 −O14
= −A2 −A4 −A6 +A7 ,
Aτ
7
= Oτ
7
+Oτ
8
+ 2Oτ
13
= 2O1 + 4O2 + 3O7 −O8 − 2O9 + 8O10 − 4O12 − 2O13
= 2A1 − 2A3 + 4A6 −A7 . (3.11)
In this work, we will construct the contact term by integrating out massive mesons
in holographic QCD. We then obtain relativistic quartic operators after the integrating-
out, such as N¯NN¯N , N¯γµNN¯γµN , N¯γµγ5NN¯γµγ5N , and so on, and expand them into
quartic operators involving N ’s. Here we list the result of such expansion for all relativistic
quartic operators we will encounter in the next section:
N¯γµNN¯ γµN → −OS + 1
4m2N
(4O2 + 2O5 − 4O6 −O7 +O9 − 2O10 + 2O12)
= −AS + 1
4m2N
(A1 +A2 +A3 + 3A5 −A6) ,
N¯γµN∂2 (N¯ γµN )→O1 + 2O2 = A1 ,
N¯γµγ5NN¯ γµγ5N →OT + 1
4m2N
(−2O6 +O7 −O9 − 2O10 − 2O12 + 2O13 − 2O14)
= AT + 1
4m2N
(−A4 +A5 −A6 +A7) ,
N¯ γµγ5N∂2 (N¯γµγ5N )→O9 + 2O12 = A3 ,
∂µ
(N¯ γµγ5N ) ∂ν (N¯ γνγ5N )→O7 + 2O10 = A6 ,
N¯ γµN∂ν
(N¯γνµN )→ 1
2mN
(O1 + 2O2 + 2O5 − 2O6 −O7 +O9 − 2O10 + 2O12)
=
1
2mN
(A1 +A3 − 2A5 −A6) ,
∂ν
(N¯γνµN ) ∂λ (N¯ γλµN )→ −O7 +O9 − 2O10 + 2O12 = A3 −A6 . (3.12)
Here we used the equation of motion iγµ∂µN + imNN = 0 to eliminate time derivatives
and performed partial integrations. Similarly we arrive at, for isotriplet sectors,
N¯γµτaNN¯ γµτaN → −AτS +
1
4m2N
(Aτ
1
+Aτ
2
+Aτ
3
+ 3Aτ
5
−Aτ
6
)
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= −AS + 1
4m2N
(−3A1 − 5A2 −A3 − 9A5 +A6 −A7) ,
N¯γµτaN∂2 (N¯ γµτaN )→Aτ1 = −A1 − 2A2 ,
N¯γµγ5τaNN¯ γµγ5τaN →AτT +
1
4m2N
(−Aτ
4
+Aτ
5
−Aτ
6
+Aτ
7
)
= 3AS − 2AT
+
1
4m2N
(−A1 +A2 −A3 + 2A4 − 3A5 + 5A6 − 2A7) ,
N¯γµγ5τaN∂2 (N¯ γµγ5τaN )→Aτ3 = −3A2 −A3 −A4 ,
∂µ
(N¯ γµγ5τaN ) ∂ν (N¯γνγ5τaN )→Aτ6 = −A2 −A4 −A6 +A7 ,
N¯γµτaN∂ν
(N¯ γνµτaN )→ 1
2mN
(Aτ1 +Aτ3 − 2Aτ5 −Aτ6)
=
1
2mN
(−A1 − 4A2 −A3 + 6A5 +A6 −A7) ,
∂ν
(N¯γνµτaN ) ∂λ (N¯ γλµτaN )→Aτ3 −Aτ6 = −2A2 −A3 +A6 −A7 , (3.13)
where we have ignored the higher order (m−2N ) corrections of AτS from (3.11).
4. Four-nucleon contact interactions in holographic QCD
We now calculate the LECs in (3.10) in holographic QCD. We start from the 4D meson-
baryon Lagrangian in (2.19) derived from the Sakai-Sugimoto model with explicit bulk
baryon field [10, 11]. Then we integrate out massive mesons to obtain the values of the
LECs. In the sense that integrated-out massive mesons determine the value of the LECs,
our approach is similar to [4] based on the resonance saturation assumption.
4.1 Isospin singlet mesons
We first consider the contributions from isospin singlet mesons to the LECs.
ω meson
For the isosinglet vector meson ω, the interaction is shown in (2.20). The relativistic
effective Lagrangian for the baryon field N with ω meson is
−
∑
k≥1
(
1
4
(dw(k))µν(dw
(k))µν +
1
2
m2
ω(k)
ω(k)µ ω
(k)µ
)
−
∑
k≥1
(
Ncg
(k)singlet
V
2
)
N¯γµω(k)µ N , (4.1)
where dw
(k)
µν = ∂µω
(k)
ν − ∂νω(k)µ . Solving the equation of motion for ω(k)µ,
(−m2
ω(k)
+ ∂2
)
ω(k)µ − ∂µ∂λω(k)λ =
(
Ncg
(k)singlet
V
2
)
N¯γµN , (4.2)
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we find ∂µω
(k)µ = 0 from the equations of motions of N and N¯ . Then by performing a
derivative expansion, we obtain
ω(k)µ = −
1
m2
ω(k)
(
Ncg
(k)singlet
V
2
)
N¯γµN
− 1
m4
ω(k)
(
Ncg
(k)singlet
V
2
)
∂2
(N¯γµN ) +O(Q3) . (4.3)
By substitution this into (4.1), we arrive at the contact interaction due to the ω meson
exchange
Lω =
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
N¯γµNN¯γµN
+
∑
k≥1
1
2m4
ω(k)
(
Ncg
(k)singlet
V
2
)2
N¯γµN∂2 (N¯γµN ) +O(Q3) . (4.4)
If we use the non-relativistic reduction (3.12), this becomes
Lω → −
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
AS
+
1
4m2N
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
(A1 +A2 +A3 + 3A5 −A6)
+
∑
k≥1
1
2m4
ω(k)
(
Ncg
(k)singlet
V
2
)2
A1 . (4.5)
f1 meson
For the isospin singlet axial-vector meson f1, the interaction is
−
∑
k≥1
(
Ncg
(k)singlet
A
2
)
N¯γµγ5f (k)µ N . (4.6)
Similar to the ω meson case, we integrate out f1 meson using the equation of motion and
∂µf
(k)µ = − 1
m2
f(k)
(
Ncg
(k)singlet
A
2
)
∂µ
(N¯γµγ5N ) (4.7)
to obtain
Lf1 =
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
N¯γµγ5NN¯γµγ5N
+
∑
k≥1
1
2m4
f(k)
(
Ncg
(k)singlet
A
2
)2
N¯γµγ5N∂2 (N¯γµγ5N )
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+
∑
k≥1
1
2m4
f(k)
(
Ncg
(k)singlet
A
2
)2
∂µ
(N¯γµγ5N ) ∂ν (N¯γνγ5N ) +O(Q3) . (4.8)
Again from (3.12), we get the non-relativistic reduced form
Lf1 →
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
AT
+
1
4m2N
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
(−A4 +A5 −A6 +A7)
+
∑
k≥1
1
2m4
f(k)
(
Ncg
(k)singlet
A
2
)2
(A3 +A6) . (4.9)
η′ meson
For the pseudo-scalar meson η′ case,
+
(
Ncg
(k)singlet
A
2fpi
)
N¯γµγ5∂µη′N , (4.10)
the equations of motion of η′ gives
η′ = − 1
m2η′
(
Ncg
singlet
A
2fpi
)
∂µ(N¯ γµγ5N ) +O(Q3) . (4.11)
Then, the interaction can be reduced into the following four-point interactions
Lη′ = 1
2m2η′
(
Ncg
singlet
A
2fpi
)2
∂µ
(N¯γµγ5N ) ∂ν (N¯γνγ5N )+O(Q3) . (4.12)
This can be also written in a non-relativistic form as
Lη′ → 1
2m2η′
(
Ncg
singlet
A
2fpi
)2
A6 . (4.13)
Four-point contact Lagrangian for isospin singlet sector
We now summarize the non-relativistic four-point contact lagrangian from the isospin sin-
glet mesons as
L(I=0) = Lω + Lf1 + Lη′ . (4.14)
These are the four-point interaction with the low energy constants CS and CT of order
Q0 and Ci’s of order Q
2. By direct comparison of (4.14) with the full effective Lagrangian
(3.10), the leading order constants CS and CT have the structures
C
(I=0)
S =
∑
k≥1
1
m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
,
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C
(I=0)
T = −
∑
k≥1
1
m2
f(k)
(
Ncg
(k)singlet
A
2
)2
(4.15)
and the LECs of order Q2 are expressed as
− C
(I=0)
1
2
=
1
4m2N
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
+
∑
k≥1
1
2m4
ω(k)
(
Ncg
(k)singlet
V
2
)2
,
C
(I=0)
2
8
=
1
4m2N
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
,
−C
(I=0)
3
2
=
1
4m2N
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
+
∑
k≥1
1
2m4
f(k)
(
Ncg
(k)singlet
A
2
)2
,
−C
(I=0)
4
8
= − 1
4m2N
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
,
−C
(I=0)
5
4
=
3
4m2N
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
+
1
4m2N
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
,
−C
(I=0)
6
2
= − 1
4m2N
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
− 1
4m2N
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
+
∑
k≥1
1
2m4
f(k)
(
Ncg
(k)singlet
A
2
)2
+
1
2m′2η
(
Ncg
singlet
A
2fpi
)2
,
−C
(I=0)
7
16
=
1
4m2N
∑
k≥1
1
2m2
f(k)
(
Ncg
(k)singlet
A
2
)2
. (4.16)
4.2 Isospin triplet mesons
We move on to the contribution from isospin triplet mesons to the LECs.
ρ meson
For the isospin triplet vector meson, the interaction is
−
∑
k≥1
(
g
(k)triplet
V
2
)
N¯γµρ(k)aµ τaN +
∑
k≥1
(
g
(k)triplet
dV
2
)
N¯γµν∂µρ(k)aν τaN . (4.17)
Again, solving the equation of motion for ρ(k)µa, we arrive at
ρ(k)aµ = −
1
m2
ρ(k)
(
g
(k)triplet
V
2
)
N¯γµτaN − 1
m2
ρ(k)
(
g
(k)triplet
dV
2
)
∂ν
(N¯γνµτaN )
− 1
m4
ρ(k)
(
g
(k)triplet
V
2
)
∂2
(N¯γµτaN ) +O(Q3) . (4.18)
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By substitution this into (4.17) we get the ρ meson exchange interaction
Lρ =
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
N¯γµτaNN¯γµτaN
+
∑
k≥1
1
2m4
ρ(k)
(
g
(k)triplet
V
2
)2
N¯γµτaN∂2
(N¯γµτaN )
+
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
N¯γµτaN∂ν
(N¯γνµτaN )
+
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
dV
2
)2
∂ν
(N¯γνµτaN ) ∂λ (N¯γλµτaN) +O(Q3) . (4.19)
From (3.13), the non-relativistic reduction of this becomes
Lρ →−
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
AS
+
1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
(−3A1 − 5A2 −A3 − 9A5 +A6 −A7)
+
∑
k≥1
1
2m4
ρ(k)
(
g
(k)triplet
V
2
)2
(−A1 − 2A2)
+
1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
(−A1 − 4A2 −A3 + 6A5 +A6 −A7)
+
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
dV
2
)2
(−2A2 −A3 +A6 −A7) . (4.20)
a1 meson
For the isospin triplet axial-vector meson a1, the interaction is
−
∑
k≥1
(
g
(k)triplet
A
2
)
N¯γµγ5a(k)aµ τaN . (4.21)
By integrating out a1 meson, we have,
La1 =
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
N¯γµγ5τaNN¯γµγ5τaN
+
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
N¯γµγ5τaN∂2 (N¯γµγ5τaN )
+
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
∂µ
(N¯γµγ5τaN ) ∂ν (N¯γνγ5τaN ) +O(Q3) .(4.22)
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From (3.13), the non-relativistic contact interaction term reads
La1 →
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
(3AS − 2AT )
+
1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
(−A1 +A2 −A3 + 2A4 − 3A5 + 5A6 − 2A7)
+
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
(−4A2 −A3 − 2A4 −A6 +A7) . (4.23)
Four-point contact Lagrangian for isotriplet sector
The non-relativistic four nucleon contact Lagrangian from the isospin triplet meson is then
L(I=1) = Lρ + La1 . (4.24)
Again, by direct comparison between (3.10) and (4.24) we obtain the leading order con-
stants CS and CT
−1
2
C
(I=1)
S =−
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
+ 3
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
,
−1
2
C
(I=1)
T =− 2
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
. (4.25)
The LECs of order Q2 are given by
−C
(I=1)
1
2
=− 3 1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
−
∑
k≥1
1
2m4
ρ(k)
(
g
(k)triplet
V
2
)2
− 1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
− 1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
,
C
(I=1)
2
8
=− 5 1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
− 2
∑
k≥1
1
2m4
ρ(k)
(
g
(k)triplet
V
2
)2
− 4 1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
− 2
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
dV
2
)2
+
1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
− 4
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
,
−C
(I=1)
3
2
=− 1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
− 1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
−
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
dV
2
)2
− 1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
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−
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
,
−C
(I=1)
4
8
=2
1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
− 2
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
,
−C
(I=1)
5
4
=− 9 1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
+ 6
1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
− 3 1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
,
−C
(I=1)
6
2
=
1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
+
1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
+
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
dV
2
)2
+ 5
1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
−
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
,
−C
(I=1)
7
16
=− 1
4m2N
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
V
2
)2
− 1
2mN
∑
k≥1
1
m2
ρ(k)
(
g
(k)triplet
V
2
)(
g
(k)triplet
dV
2
)
−
∑
k≥1
1
2m2
ρ(k)
(
g
(k)triplet
dV
2
)2
− 2 1
4m2N
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
+
∑
k≥1
1
2m4
a(k)
(
g
(k)triplet
A
2
)2
. (4.26)
5. Low energy constants at large Nc
Before we calculate the LECs numerically, we investigate the structure of them in the large
λ and large Nc limit.
The leading large Nc and large λ scaling of coupling constants are: for pseudo-scalars
(ϕ = π, η′)
gpiNN
2mN
MKK =
gtripletA
2fpi
MKK ≃ 2 · 3 · π√
5
×
√
Nc
λ
,
gη′NN
2mN
MKK =
Ncg
singlet
A
2fpi
MKK ≃
√
39
2
π2 × 1
λNc
√
Nc
λ
, (5.1)
for vector mesons (v = ρ(k), ω(k))
gρ(k)NN =
g
(k)triplet
V
2
≃
√
2 · 33 · π3 ψˆ(2k−1)(0)×
1
Nc
√
Nc
λ
,
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gω(k)NN =
Ncg
(k)singlet
V
2
≃
√
2 · 33 · π3 ψˆ(2k−1)(0) ×
√
Nc
λ
,
g˜ρ(k)NN
2mN
MKK =
g
(k)triplet
dV MKK
2
≃
√
22 · 32 · π3
5
ψˆ(2k−1)(0)×
√
Nc
λ
, (5.2)
and for axial vector mesons (a
(k)
1 , f
(k)
1 ),
ga(k)NN ≡
g
(k)triplet
A
2
≃
√
22 · 32 · π3
5
ψˆ(2k)
′(0)×
√
Nc
λ
,
gf(k)NN ≡
Ncg
(k)singlet
A
2
≃
√
39 · π5
2
ψˆ(2k)
′(0)× 1
λNc
√
Nc
λ
. (5.3)
Therefore, the large Nc and large λ leading contributions arise from the following couplings
gpiNNMKK
2mN
∼ gω(k)NN ∼
g˜ρ(k)NNMKK
2mN
∼ ga(k)NN ∼
√
Nc
λ
. (5.4)
5.1 Large Nc leading order with no derivative
In this limit, we consider the leading order of large Nc and the leading Q
2 order for the
four-point interactions. As in (5.4), the relevant mesons in this limit are ω, ρ and a1.
Isospin singlet
In this Q2 → 0 limit we ignore ∂2 terms and corresponding Dirac spinor N is given in
(3.8). For the isosinglet vector meson ω case, therefore by (4.5), the ω meson exchange
interaction becomes
Lω → −
∑
k≥1
1
2m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
OS . (5.5)
Then the four-point interaction from isosinglet sector takes the form
L(I=0) = Lω = −1
2
CSOS − 1
2
CTOT , (5.6)
where
C
(I=0)
S =
∑
k≥1
1
m2
ω(k)
(
Ncg
(k)singlet
V
2
)2
,
C
(I=0)
T = 0. (5.7)
Isospin triplet
We see from (5.4) that the dominant cubic couplings for the isotriplet vector meson ρ in
the large Nc limit is the tensor coupling only. In this leading Q
2 → 0 limit, (4.20) shows
that ρ meson part has no contribution. Therefore
Lρ ≃ 0 (5.8)
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in this limit. On the other hand, for the isotriplet axial vector meson a1, (4.23) shows that
the leading order a1 meson interaction is
La1 →
∑
k≥1
1
2m2
a(k)
(
g
(k)triplet
A
2
)2
OT . (5.9)
Then we can write the leading Q0 order four-point interactions from the isotriplet mesons
sector in the large Nc and large λ limit as
L(I=1) = Lρ + La1 = −
1
2
CSOS − 1
2
CTOT (5.10)
where
C
(I=1)
S = 0,
C
(I=1)
T = −
∑
k≥1
1
m2
a(k)
(
g
(k)triplet
A
2
)2
. (5.11)
5.2 Large and finite Nc up to Q
2 order
For the order of Q2 we include both L(0) and L(2) with the low energy constants (LECs)
Ci’s. In the large Nc limit, the nucleon mass mN is proportional to Nc and therefore terms
with 1/m2N or 1/mN in (4.16) and (4.26) will be suppressed relative to ones without such
terms.
Isospin singlet
For the large Nc limit, from (5.4) we need only
L(I=0) = Lω (5.12)
where Lω does not include the leading 1/4m2N term in (4.13). For a finite Nc, we have
L(I=0) = Lω + Lf1 + Lη′ , (5.13)
which are given in (4.5), (4.9) and (4.13), respectively. The corresponding LECs are (4.15)
and (4.16).
Isospin triplet
For the large Nc limit, from (5.4) we need only
L(I=1) = L∂ρ + La1 , (5.14)
where L∂ρ refers to only the term with (g(k)tripletdV )2 in (4.20), and LaNN does not include
the leading 1/4m2N term from (4.23). For a finite Nc, we have
L(I=1) = Lρ + La1 , (5.15)
which are shown in (4.20) and (4.23), respectively and the corresponding LECs are given
by (4.25) and (4.26).
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6. Numerical results
Now we are at the stage of the numerical evaluation of the LECs for a finite Nc and λ.
For this we need to calculate the masses and coupling constants in the 4D meson-baryon
Lagrangian. For illustration purpose, we will take λNc = 50 as in [9, 10, 11].
6.1 Gauge and baryonic profile functions
For efficient numerical estimates, we introduce dimensionless variables w˜ = MKKw, U˜ =
U/UKK , and z˜ = z/UKK . These are related as
w˜ =
∫ z˜
0
dz˜
[1 + z˜2]2/3
=
3
2
∫ U˜
1
dU˜√
U˜3 − 1
. (6.1)
In terms of these variables, we solve the eigenvalue equations [14]
−(1 + z˜2)1/3∂z˜((1 + z˜2)∂z˜ψ(n)) = λnψ(n) (6.2)
for the gauge sector profile functions ψ(n). To compute (2.26), we introduce re-scaled gauge
profile function ψˆ(n)(w˜) that is defined as [11]
ψˆ(n)(w˜) =
√
216π3
λNc
ψ(n)(w) . (6.3)
In addition, the conventional choice of the zero mode gauge field profile function can be
∂z˜ψ(0)(0) = 1/π and we define
ψˆ(0)(z˜) =
1
π
tan−1 z˜ . (6.4)
For the baryonic sector, we have
mB(z) = m
(0)
N · U˜ +me0 =MKK ·
(
λNc
27π
U˜(w˜) + ǫNc
)
(6.5)
with ǫ ≡ √2/15 ≃ 0.37. After dividing (2.18) by M2KK , we reach the eigenvalue equation
for baryonic profile functions[
−∂2w˜ −
λNc
27π
∂w˜U˜(w˜) +
(
λNc
27π
U˜(w˜) + ǫNc
)2]
f+(w˜) =
(
mN
MKK
)2
f+(w˜) . (6.6)
Then by solving (6.2) and (6.6), we can compute (2.26) and finally get the value of LECs.
6.2 Tower of couplings
The baryon wave function (2.11) is effectively localized at w ≃ 0 in the large Nc and large
λ limit. The coefficient function for the derivative tensor coupling B¯γ · FB has the central
value near w ≃ 0 as
g5(w)
ρ2baryon
e2(w)
≃ 0.18 Nc
MKK
. (6.7)
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Then the three numbers An, Bn and Cn in (2.26) become
An =
∫ ∞
−∞
dz˜
(1 + z˜2)2/3
|f+(z˜)|2 ψ(n)(z˜) ,
Bn =
1
MKK
· 0.18Nc
∫ ∞
−∞
dz˜
(1 + z˜2)2/3
f∗−(z˜)f+(z˜)ψ(n)(z˜) ,
Cn = 0.18Nc
∫ ∞
−∞
dz˜ |f+(z˜)|2 ∂z˜ψ(n)(z˜) (6.8)
where dw˜ = dz˜/(1 + z˜2)2/3. From (6.4) we also have gsingletA = 2A0 = 0.137.
In section 2.1, we have mentioned that (g2YMNc)Nc ∼ 50 is required for MKK ∼ mN ∼
0.94GeV, and for the case of Nc = 3, this gives λ = g
2
YMNc ≃ 17. Now if we take λNc = 50
with Nc = 3, we obtain the numerical eigenvalue mN /MKK = 1.91 from (6.6). (For
other choices of λNc and the corresponding eigenvalues, see [10].) But to obtain LECs, we
will take more realistic mN ≃ MKK, since the ratio mN/MKK is meaningful just as an
eigenvalue of each λNc input. The resulting An, Bn, Cn and the coupling constants are
shown in Table 3.
The KK towers of meson masses are listed in Table 4 from the previous work [11] and
the mass of η′ is given by (2.9). In addition,
fpi =
√
λNc
54π4
MKK = 0.0975 MKK (6.9)
from [14].
k A2k−1 B2k−1 C2k−1 A2k C2k A2k−1+2C2k−1 2B2k−1 2C2k+A2k
=g
(k)singlet
V
=g
(k)singlet
A
=g
(k)triplet
V
=g
(k)triplet
dV
=g
(k)triplet
A
1 5.93 3.05 -0.409 1.12 2.35 5.11 6.10 5.81
2 -3.21 -1.75 1.01 -1.03 -1.98 -1.19 -3.49 -4.98
3 1.25 0.756 -0.967 0.521 0.863 -0.685 1.51 2.25
4 -0.305 -0.222 0.481 -0.149 -0.188 0.658 -0.443 -0.526
5 0.0401 0.0392 -0.116 0.0206 0.0160 -0.191 0.0783 0.0526
Table 3: The values of the couplings. An, Cn are dimensionless and Bn are of dimension M
−1
KK .
k mω(k) = mρ(k) ma(k) = mf(k)
1 0.818 1.25
2 1.69 2.13
3 2.57 3.00
4 3.44 3.87
5 4.30 4.73
Table 4: The tower of meson masses in unit of MKK .
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6.3 Low energy constants
Now we obtain the values of the LECs at finite Nc from the first five towers of couplings
(Table 3) and the corresponding meson masses (Table 4). The leading order (Q0) LECs,
CS and CT of isosinglet and isotriplet channels are given in (4.15) and (4.25), respectively.
In the next leading order (Q2), the LECs of isosinglet and isotriplet channels are listed in
(4.16) and (4.26). The resulting values of the LECs are listed in Table 5, where we sum
over the first five towers (k = 1, . . . , 5).1
(I = 0) From (I = 1) Total
CS (10
−4MeV−2) 1.44 -0.123 1.32
CT (10
−4MeV−2) -0.0272 0.156 0.129
C1 (10
−9MeV−4) -0.270 0.0454 -0.225
C2 (10
−9MeV−4) 0.159 -0.678 -0.379
C3 (10
−9MeV−4) -0.0414 0.0446 0.0032
C4 (10
−9MeV−4) 0.00302 0.0213 0.0243
C5 (10
−9MeV−4) -0.240 -0.113 -0.353
C6 (10
−9MeV−4) 0.0311 -0.0436 -0.0125
C7 (10
−9MeV−4) -0.00603 0.297 0.291
Table 5: The low energy constants from isospin singlet (I = 0) and Fierz-transformed isospin
triplet (I = 1) sectors.
7. Summary
We evaluated the low energy constant of four-nucleon contact interactions in an effective
chiral Lagrangian in the framework of holographic QCD. These contact interactions are
essential to describe the short-range nuclear force and also crucial to understand the bulk
nuclear matter properties in the chiral Lagrangian. We considered the Sakai-Sugimoto
model with the bulk baryon field to obtain meson-nucleon interactions, and then we in-
tegrated out massive mesons to obtain the four-nucleon interactions in 4D. We obtained
two independent contact terms at the leading order (Q0) and seven of them at the next
leading order (Q2), which is consistent with the effective chiral Lagrangian. We calculated
the values of the LECs with the first five Kaluza-Klein resonances.
It will be interesting to study some phenomenological consequences of the LECs deter-
mined in this work. An immediate example might be to study observables in the nucleon-
nucleon scattering such as phase shifts.
1In Ref. [9], a subleading correction that shifts Nc → Nc + 2 for certain types of cubic meson-nucleon
couplings was considered and found to produce phenomenologically viable axial couplings to pion as well as
the anomalous magnetic moment of nucleons. In the past, this shift has been shown to exist for operators
associated with the Hedgehog configuration of Skyrmions [19], which in our approach manifest itself in
B¯γ · FB coupling in (2.11). In Appendix C, we list modified results for the LECs, assuming such a shift.
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A. Non-relativistic Dirac spinor with relativistic correction
The free Dirac Lagrangian in our case is
L = N¯ (−iγµ∂µ − imN )N (A.1)
with the Weyl basis defined in [10]. To develop the expressions of some Dirac spinors
with upper and lower parts, we can apply a unitary transformation N → UN and γµ →
UγµU† then the Lagrangian is invariant under the transformation. If we adopt a unitary
transformation
U = 1√
2
(
1 −i
i −1
)
,
then the transformed Dirac basis corresponding to (A.1) is
γ0 =
(
−i 0
0 i
)
, γi =
(
0 −σi
−σi 0
)
, γ5 =
(
0 −i
i 0
)
. (A.2)
Here we manipulate the decoupled two-component Dirac spinor field that is, for positive
energies, the upper components are large and the lower are small. We use the Dirac-
Pauli representation of the gamma matrices derived above and follow the non-relativistic
reduction manipulation in [20]. Dirac’s equation for a free electron is
i
∂
∂t
N = (α · p+ imNβ)N (A.3)
where
αi =
(
0 −iσi
iσi 0
)
, β =
(
−i 0
0 i
)
. (A.4)
The the particle has its rest energy mN and this should be excluded in the non-relativistic
approximation, and we denote N by a function N ′ with
N = e−imN tN ′. (A.5)
Then we have (
i
∂
∂t
+mN
)
N ′ = (α · p+ imNβ)N ′. (A.6)
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We can write
N ′ =
(
N
h
)
. (A.7)
In the non-relativistic limit (v → 0) the two components h vanish and this leads to an
approximate equation involving N only. Then by substituting, we obtain the equations
i
∂
∂t
N = −iσ · ph, (A.8)
i
∂
∂t
h+ 2mNh = iσ · pN. (A.9)
In the first approximation of h, the term 2mNh is dominant on the left hand side of (A.9),
and this gives
h = i
σ · p
2mN
N =
σ · ∇
2mN
h , (A.10)
or (
0
h
)
= − 1
2mN
γi∂i
(
N
0
)
. (A.11)
Substitution of this into (A.8) then gives the Pauli’s equation. Let us now drive the second
approximation for N . The density is
ρ = N †N + h†h = N †N +
1
4m2N
(∇N † · σ)(σ · ∇N). (A.12)
To get the wave equation corresponding to the Scho¨dinger equation, one must assign N by
another two-component field NNR such that∫
d3xN †NRNNR =
∫
d3x
{
N †N +
1
4m2N
(∇N † · σ)(σ · ∇N)
}
(A.13)
is the time independent integral. By the integration by parts, this can be rewritten as∫
d3xN †NRNNR =
∫
d3x
{
N †N − 1
8m2N
(
N †∇2N + (∇2N †)N
)}
. (A.14)
Then we can assign
NNR =
(
1− ∇
2
8m2N
)
N
and therefore, we finally get
N =
(
1 +
∇2
8m2N
)
NNR. (A.15)
Collecting all together, we obtain the non-relativistic Dirac spinor with relativistic correc-
tions,
N (x) =
(
1 + 1
8m2
N
∇2
1
2mN
σ · ∇
)
N(x) +O(Q3). (A.16)
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B. Fierz identities
The Fierz identity for the Pauli matrices has the form
σiαβσ
i
γδ = 2δαδδγβ − δαβδγδ . (B.1)
From this, we can get the following relations
σiαβσ
i
γδ =
1
2
(
3δαδδγβ − σiαδσiγβ
)
, (B.2)
δαβσ
i
γδ =
1
2
(
δαδσ
i
γβ + σ
i
αδδγβ + iǫilmσ
l
αδσ
m
γβ
)
, (B.3)
σiαβδγδ =
1
2
(
δαδσ
i
γβ + σ
i
αδδγβ − iǫilmσlαδσmγβ
)
, (B.4)
σiαβσ
j
γδ =
1
2
(
σiαδσ
j
γβ + σ
j
αδσ
i
γβ + δ
ijδαδδγβ − δijσlαδσlγβ
+ iǫijlσ
l
αδδγβ − iǫijlδαδσlγβ
)
. (B.5)
C. Axial coupling and an O(1) correction
By using the equivalence of the constituent quark model (CQM) and the Skyrmion in the
large Nc limit [19], it has been argued [9, 10] that there is a universal sub-leading corrections
to various axial couplings and magnetic couplings of nucleons. This enters some operators
that originate from B¯γ · FB in (2.11). The correction involves an additive shift of type
Nc → Nc + 2, and proved to be important if one wishes to obtain phenomenologically
viable pion axial couplings and anomalous magnetic moments, for example. Although it
is not clear whether the D4-D8 holographic model, with its quenched nature, captures
this automatically, it does makes to think about such a shift when we consider comparing
numbers against data,
We anticipate the same shift of coefficient would affect other operators descended from
the same B¯γ · FB, which will affect all leading couplings to axial vector mesons and all
tensor couplings to vector mesons. Practically this can be achieved by multiplying the
wavefunction overlap coefficients, B’s and C’s, by a factor (Nc + 2)/Nc = 5/3 as
g
(k)triplet
V = A2k−1 + 2
(
5
3
)
C2k−1 ,
g
(k)triplet
A = 2
(
5
3
)
C2k +A2k ,
g
(k)triplet
dV = 2
(
5
3
)
B2k−1 ,
gtripletA = 4
(
5
3
)
C0 + 2A0 (C.1)
and other couplings g
(k)singlet
V , g
(k)singlet
A and g
singlet
A remain unchanged. Here we record
the resulting changes in the mesons-nucleon cubic couplings in Table 6 and the resulting
values of the LECs in Table 7.
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k A2k−1 B2k−1 C2k−1 A2k C2k A2k−1+2( 53 )C2k−1 2(
5
3
)B2k−1 2(
5
3
)C2k+A2k
=g
(k)singlet
V
=g
(k)singlet
A
=g
(k)triplet
V
=g
(k)triplet
dV
=g
(k)triplet
A
1 5.93 3.05 -0.409 1.12 2.35 4.57 10.2 8.94
2 -3.21 -1.75 1.01 -1.03 -1.98 0.155 -5.82 -7.62
3 1.25 0.756 -0.967 0.521 0.863 -1.98 2.52 3.40
4 -0.305 -0.222 0.481 -0.149 -0.188 1.30 -0.739 -0.777
5 0.0401 0.0392 -0.116 0.0206 0.0160 -0.345 0.131 0.0739
Table 6: Nc shifted couplings. An, Cn are dimensionless and Bn are of dimension M
−1
KK .
(I = 0) From (I = 1) Total
CS (10
−4MeV−2) 1.44 -0.464 0.976
CT (10
−4MeV−2) -0.0272 0.369 0.342
C1 (10
−9MeV−4) -0.270 0.0493 -0.221
C2 (10
−9MeV−4) 0.159 -1.11 -0.951
C3 (10
−9MeV−4) -0.0414 0.0947 0.0533
C4 (10
−9MeV−4) 0.00302 0.0505 -0.0475
C5 (10
−9MeV−4) -0.240 -0.185 -0.425
C6 (10
−9MeV−4) 0.0311 -0.0923 -0.0612
C7 (10
−9MeV−4) -0.00603 0.616 0.610
Table 7: The low energy constants of Nc shifted results.
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